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Solution to homework for Session 6 August 2008
Problem:

Consider the following definitions for a dyadic a¢io operator. Againl, is a set of propositional formulas meant to repneghe
“termination statements” of a set of unconditioingberatives (the indicative statements that are ififithe imperative is
satisfied), and-C is the set of:C-remainders of (the set of all maximal subsdtwf | such thaf” tp_ - C):

| E O(A/C) iff
| E O(A/C) iff

Or OI0-C:TO{C} Fp A
Or O10-C: TO{C} - A

(a)

(b)
Let DDL" be the axiomatic system that corresponds to thmausecs that employs definition (a), and DDthe system that
corresponds to definition (b) (for the descriptafrthe systems cf. the handout for the session Bakgust).

[Note: Since (a) defines a ‘sceptic’ nonmonotonic opetdtbave elsewhere used the name Dir DDLD, and since its ‘bold’
counterpart (b) was invented by Bas van FraasdeB . (gan Fraassen. “Values and the Heart's Comnialudirnal of

Philosophy, 70, 1973, 5-19), | have used the name Dk the system DDEeIsewhere.]

To which of the systems belong the following foresibs theorems:

(OR)  (O(A/C) DO(A/D)) — O(A /CLID)
(DR) O(A/CLID) - (O(A/C) L1O(A/D))
Solution:

This is a derivation of (OR) in DDL:

(Or)
@] (Al/(') — O (‘{/D) -
o S AL (13(:\;(.1) O (4/(CV D) A D) (%t( 1)>
o0 c—apcvoy " o afcvo) EDES(/

0 ((C= A A (D= A)/(C VD))

(CExt)

O (4/C Vv D)

E.g. the following sek proves that (OR) is not valid for definition (et 1={(C-A) OB, (D-A) O-B}. ThenlO-C=10-D =
I0-~( CLD) ={{ C-A) OB},{ D-A) O-B}}, so O(A/C) andO(A/D) are true (for some set it suffices to atldesp.D to makeA
derivable), but no®(A /CLID) (for no set it suffices to add jusStID to deriveA).

This is a derivation of (DR) in DDq_(we prove equivalently th&@(A/CLD) - (P(-A/C) —» O(A/D)):

(DR)
P (-A/C)
P (C— —-A/CV D)
O (A/C vV D) P ((CA=A)v D/CvV D)

O (A/(CA-A)Vv D)
O (AAN=(CA-A)/(CA-A)V D)
O (AAND/(CA—-A)V D)

O (A/D)

(CCMon)
(CExt)
(RMon)
(RW)
(CExt)
(CCMon)

Note 1: Notice that (CCMorQ(ACD/C) - O(A/CCD) is equivalent to (Cofyi P(A /CD) — P(D - A/C).
Note 2: (RW) is the ‘rule of ceteris paribus momotity’ derivable from M and CExt: if- . A B then pp. O(A/C) - O(B/C).

E.qg. the following sel proves that (DR) is not valid for def. (a): Ue{(B-A) OF, BOF-C, B-A) O-F, B[ F[=D}.
Thenl-(CD) = {{(B-A) OF,BOF[-C}, {(B-A) O-F, B[~ F[1-D}} which makes trueD(A/CLID) sinceA derives from
both sets. ButJ-C = {{( B—~A) OF}, {( B~ A) O-F,B [~ FI-D}} and I0-D = {{(B—~A) OF, BOF~C}, {( B~ A) O-F}},

in the first case the left set does not deAyand neither does the right set in the second easksdO(A/C) andO(A/D) are false.



[]

Extra question: What would we have to assume of the set of impam{imperative contents) in order to make all RSP
axioms (including rational monotony RMon) hold tbe operator as defined by (a)?

Solution:

The construction of a counterexample for (RMonnseéorely (can we prove it?) on having at least two remaisets, of
which one contains at least two formulas indivithuakcessary to deriv&, and of which one formula gets removed for the
logically stronger circumstances.

A radical way to eliminate such counterexampldbésefore to completely remove the possibility afimg several remainders,
for arbitrary circumstance€. This is possible! To achieve this, all imperatbastents il must be logically chained, i.e. for all

A,BO I, we have eithet~-p  A-Bor —p B-A.

Proof: Letl= X O {AB}. If the remainder set is to be unique for arbigraeircumstances, then it must also be unique-far-B.
Then X0 {AB} - ((-ALRB)) can at most be {X1{A}} or {X [{B}}. Then (in the first caselB or (in the second cas@)must
be inconsistent withALl- B), for otherwise (in the first case) {¥{B}} or (in the second case) {YI{ A}} would also be in X

O {AB}O-((~ALB)) for some YL X. So either AL B} p =B or {- AL B} p. = A which means equivalently that either

{B}+p. AOB or {A}+ p. ACB, which equivalently means that eitherp, B-Aor -p A= B.

Observation: For a logically chained sébf imperative contents we have that all obligasionsome circumstanc€sare
determined by the logically strongeil | that is consistent wit. This is very similar to the ‘system of spheresfided by a
preference relation in e.g Hansson'’s standard dyadetntic semantics, whe@®A/C) holds ifA is true in allC-worlds in the
“highest” sphere with a nonempty intersection vithA chained settis perhaps best imagined to consist of contraigtiy
imperative-contentsA;, - A1 - Ay, (AO-A) - Ag, ...}, which then corresponds to such a system of gsher

Open Question: The assumption that all imperative contents aeénglul is a rather heavy restriction on ‘real-lifaperatives. Is
there some less radical way to restrict the imparstin order to eliminate the counterexamplegRivion)?

Finally a remark: Multiple remainder sets for some circumstan€eorrespond to a conflict of norms, or a normatifemma
for these circumstances. To avoid conflicts (to entide remainder set unique), a very old idea fregialland moral philosophy
is to use a priority ordering of the imperativasgase of a conflict, less important imperativesa@rerridden by more important
ones). How this works is described in Jorg HanBeruntic Logics for Prioritized Imperatives, Al&L 1(2006), 1-34.



